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CANTOR POLYNOMIALS AND THE FUETER-PO´LYA
THEOREM
MELVYN B. NATHANSON
Abstract. A packing polynomial is a polynomial that maps the set N2
0
of
lattice points with nonnegative coordinates bijectively onto N0. Cantor con-
structed two quadratic packing polynomials, and Fueter and Po´lya proved
analytically that the Cantor polynomials are the only quadratic packing poly-
nomials. The purpose of this paper is to present a beautiful elementary proof
of Vsemirnov of the Fueter-Po´lya theorem. It is a century-old conjecture that
the Cantor polynomials are the only packing polynomials on N2
0
.
1. Storing and packing lattice points
Let Zm be the group of lattice points in Rm. Let N0 = {0, 1, 2, . . .} be the set
of nonnegative integers, and let
Nm0 = {(x1, . . . , xm) ∈ Z
m : xi ∈ N0 for i = 1, . . . ,m}
be the additive semigroup of m-dimensional nonnegative lattice points.
In computer science there is the problem of saving and retrieving matrices and
other multi-dimensional data in linear memory. We can think of computer memory
as an infinite sequence of “storage boxes” numbered 0, 1, 2, 3, . . .. Suppose that
we want to store the matrix (ai,j) in memory. A simple procedure would be to
choose an easily computed one-to-one function F : N20 → N0, and store the matrix
element ai,j in the memory box with the number F (i, j). More generally, for any
subset S of Zm, a one-to-one function from S into N0 is called a storing function
on S. A function that maps S bijectively onto N0 is called a packing function on
S. Computer scientists are interested in finding polynomial or other “elementary”
storing and packing functions on S.
For example, let m = 2 and consider the function C1 : N
2
0 → N0 that enu-
merates, from lower right to upper left, the nonnegative lattice points on the con-
secutive parallel line segments x + y = k for k = 0, 1, 2, . . .. Thus, C1(0, 0) = 0,
C1(1, 0) = 1, C1(0, 1) = 2, C1(2, 0) = 3, C1(1, 1) = 4, C1(0, 2) = 5, C1(3, 0) = 6,
. . . . For k ≥ 0, the number of nonnegative lattice points (x, y) with x + y < k is
1 + 2 + · · ·+ k = k(k + 1)/2. It follows that C1(k, 0) = k(k + 1)/2. If (x, y) ∈ N
2
0
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and x+ y = k, then
C1(x, y) = C1(k, 0) + y = C1(x + y, 0) + y
=
(x+ y)(x+ y + 1)
2
+ y
=
1
2
(x+ y)2 +
1
2
(x+ 3y) .
The function C2 : N
2
0 → N0 that enumerates, from upper left to lower right, the
nonnegative lattice points on the consecutive parallel line segments x+ y = k is
C2(x, y) =
1
2
(x+ y)2 +
1
2
(3x+ y) . = C1(y, x).
The functions C1(x, y) and C2(x, y) are called the Cantor packing polynomials.
The classical applications of polynomial packing functions are due to Cauchy
and Cantor. Cantor [2, page 494], [3, page 107] used the quadratic polynomials
C1(x, y) and C2(x, y) to prove that the set N
2
0 is countable. Earlier, to reduce
double sums to single sums, Cauchy [4, Part 1, Chapter 6, Theorem 6] used the
equivalent identity
∞∑
i=0
∞∑
j=0
aibj =
∞∑
k=0
ck
where
ck =
k∑
i,j=0
i+j=k
ak−ibi = akb0 + ak−1b1 + ak−2b2 + · · ·+ a0bk.
The following simple argument implies that a packing function cannot be linear.
Lemma 1. Let ℓ,m ∈ N0 with m ≥ 2. For x = (x1, . . . , xm) ∈ N
m
0 , let min(x) =
min(xi : i = 1, . . . ,m), and let S be the set of all lattice points x ∈ N
m
0 such that
min(x) ≥ ℓ. No linear polynomial is a storing function on S.
Proof. For x = (x1, . . . , xm) ∈ R
m, consider the linear polynomial
F (x) = F (x1, x2, . . . , xm) = a1x1 + a2x2 + · · ·+ amxm + c.
Let A = max(|ai| : i = 1, . . . ,m). Recall the Kronecker delta
δi,j =
{
1 if i = j
0 if i 6= j.
For i = 1, . . . ,m, let ei = (δi,1, δi,2, . . . , δi,m) ∈ N
m
0 .
Suppose that F is a storing function on S, that is, F (S) ⊆ N0 and F is one-to-one
on S. If x ∈ S, then x+ ei ∈ S and
F (x+ ei)− F (x) = ai ∈ Z.
It follows that
∑m
i=1 aixi ∈ Z, and so c = F (x) −
∑m
i=1 aixi ∈ Z.
Suppose that F : S → N0 is a sorting function. Let i, j ∈ {1, 2, . . . ,m} with
i 6= j. If x ∈ S and min(x) ≥ ℓ+A, then x+ aiej − ajei ∈ S and
F (x+ aiej − ajei) = F (x) + aiaj − ajai = F (x).
Because F is one-to-one on S, it follows that x = x+aiej−ajei and so aiej = ajei.
This implies that ai = aj = 0 and so ai = 0 for all i ∈ {1, . . . ,m}. Thus, the
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storing function F (x) = c is constant, which is absurd. This means that no linear
polynomial can be a storing function on S. 
Conjecture. The Cantor packing polynomials C1(x, y) and C2(x, y) are the only
polynomial bijections from N20 to N0.
This conjecture is nearly 100 years old. In 1923, Fueter and Po´lya [6] obtained
the first result about the uniqueness of packing polynomials in two variables. Using
methods from analytic number theory, they proved that the Cantor polynomials
are the unique quadratic polynomial packing functions from N20 to N0. In 1978,
Lew and Rosenberg [8, 9] proved that no polynomial packing function on N20 has
degree three or four. It is not known if there exists a packing polynomial on N20 of
degree greater than four.
There exist many packing polynomials for lattice points of dimension m ≥ 3.
The simplest are constructed by composing Cantor polynomials. For example, the
function (x, y, z) 7→ (C1(x, y), z) is a bijection from N
3
0 to N
2
0, and so (x, y, z) 7→
C1(C1(x, y), z) is a packing polynomial onN
3
0. There also exist packing polynomials
onNm0 that are not compositions of packing polynomials in lower dimensions. Much
work has been done on this problem, e.g. [5, 7, 10, 11, 13, 12, 14, 16, 17, 18].
In 2001, Vsemirnov [20, 21] gave a beautiful proof of the Fueter-Po´lya theo-
rem that uses only Gauss’s law of quadratic reciprocity and Dirichlet’s theorem
on primes in arithmetic progressions. The purpose of this paper is to present
Vsemirnov’s proof.
2. Elementary proof of the Fueter-Po´lya theorem
We begin with an exercise in elementary number theory.
Lemma 2. If D and ℓ are nonzero integers and D is not a square, then there exists
a prime p such that D is a quadratic non-residue modulo p and p does not divide ℓ.
Proof. We can write
D = (−1)α2βm2
k∏
i=1
qi
where α, β ∈ {0, 1}, m ∈ N, and q1, . . . , qk are distinct odd primes.
Suppose that k = 0. If β = 0, then α = 1 and D = −m2. Choosing a prime
p ≡ 3 (mod 4), we obtain (
D
p
)
=
(
−1
p
)
= −1.
If β = 1, then D = ±2m2. Choosing a prime p ≡ 5 (mod 8), we obtain(
D
p
)
=
(
±2
p
)
= −1.
By Dirichlet’s theorem on primes in arithmetic progressions, each of these congru-
ence classes contains infinitely many primes. Choosing p > ℓ, we obtain a prime p
does not divide ℓ.
Suppose that k ≥ 1. For every prime number such that p ≡ 1 (mod 8), we have(
−1
p
)
=
(
2
p
)
= 1.
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Applying the multiplicativity of the Legendre symbol and quadratic reciprocity, we
obtain (
D
p
)
=
k∏
i=1
(
qi
p
)
=
k∏
i=1
(
p
qi
)
.
Choose integers r1, . . . , rk such that(
r1
q1
)
= −1
and (
ri
qi
)
= 1 for i = 2, . . . , k.
By the Chinese remainder theorem, there is an integer s such that
s ≡ 1 (mod 8)
and
s ≡ ri (mod qi) for i = 1, 2, . . . , k.
Moreover, (
s, 8
k∏
i=1
qi
)
= 1.
If p is a prime number such that
(1) p ≡ s (mod 8
k∏
i=1
qi)
then (
D
p
)
=
(
q1
p
)
= −1.
By Dirichlet’s theorem on primes in arithmetic progressions, there are infinitely
many primes p that satisfy the congruence (1). Choosing a prime p in this arithmetic
progression such that p > ℓ completes the proof. 
We can now begin the proof of Fueter-Po´lya theorem. There are four lemmas.
Lemma 3. If F (x, y) is a quadratic packing polynomial, then there exist nonnega-
tive integers a, c, f and integers b, d, e such that
a ≡ d (mod 2)
c ≡ e (mod 2)
and
(2) F (x, y) =
1
2
(
ax2 + 2bxy + cy2
)
+
1
2
(dx+ ey) + f.
Moreover, if a = c = 0, then b ≥ 1.
Proof. Every quadratic polynomial F (x, y) with complex coefficients can be written
in the form (2). Because F is a function from N20 to N0, we have
a = F (2, 0)− 2F (1, 0) + F (0, 0) ∈ Z
c = F (0, 2)− 2F (0, 1) + F (0, 0) ∈ Z
and
f = F (0, 0) ∈ N0.
CANTOR POLYNOMIALS AND THE FUETER-PO´LYA THEOREM 5
For all x, y ∈ N0, the inequalities
F (x, 0) =
a
2
x2 +
d
2
x+ f ≥ 0
and
F (0, y) =
c
2
y2 +
e
2
y + f ≥ 0
imply that a and c are nonnegative integers. The identities
F (1, 0)− F (0, 0) =
a+ d
2
∈ Z
F (0, 1)− F (0, 0) =
c+ e
2
∈ Z
imply that d and e are integers such that
a ≡ d (mod 2) and c ≡ e (mod 2).
It follows that
F (1, 1) = b+
a+ d
2
+
c+ e
2
+ f ∈ N0
and so b is an integer.
If a = c = 0, then b 6= 0 because F is quadratic. For all x ∈ N0,
F (x, x) = bx2 +
d+ e
2
x+ f ≥ 0
and so b ≥ 1. This completes the proof. 
Lemma 4. If F (x, y) is a quadratic packing polynomial of the form (2), then the
quadratic form
Q(x, y) =
1
2
(
ax2 + 2bxy + cy2
)
is positive-definite on N20. Moreover, a ≥ 1 and c ≥ 1.
Proof. The quadratic form Q(x, y) is nonzero because the polynomial F (x, y) is
quadratic. Defining the linear form
L(x, y) =
1
2
(dx+ ey)
we can write
F (x, y) = Q(x, y) + L(x, y) + f
If a ≥ 1 and r > |d|/2, then Q(r, 0) > |L(r, 0)|. If c ≥ 1 and s > |e|/2, then
Q(0, s) > |L(0, s)|. If a = c = 0 and r > (|d|+ |e|)/2, then b ≥ 1 by Lemma 3, and
Q(r, r) > |L(r, r)|. Thus, there exists (r, s) ∈ N20 \ {(0, 0)} such that
(3) Q(r, s) > |L(r, s)|.
It is easy to show that Q is nonnegative-definite. For all (x, y) ∈ N20 and t ∈ N0,
F (xt, yt) = Q(xt, yt) + L(xt, yt) + f = Q(x, y)t2 + L(x, y)t+ f.
If Q(x, y) < 0 for some (x, y) ∈ N20, then F (xt, yt) < 0 for all sufficiently large t,
which is absurd. Therefore, Q(x, y) ≥ 0 for all (x, y) ∈ N20.
Suppose that Q(u, v) = 0 for some (u, v) ∈ N20 \ {(0, 0)}. For all t ∈ N0, we have
F (ut, vt) = Q(u, v)t2 + L(u, v)t+ f = L(u, v)t+ f = wt+ f
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where w = L(u, v) is a positive integer because F (ut, vt) is nonconstant and non-
negative for t ∈ N0. Choosing (r, s) ∈ N
2
0 that satisfies inequality (3), we have
F (rw, sw) = Q(r, s)w2 + L(r, s)w + f = wm+ f
where
m = Q(r, s)w + L(r, s) ≥ Q(r, s)− |L(r, s)| > 0.
Because F is one-to-one on N20 and
F (um, vm) = wm+ f = F (rw, sw)
it follows that
(um, vm) = (rw, sw)
and so
0 = Q(u, v)m2 = Q(um, vm) = Q(rw, sw) = Q(r, s)w2 > 0
which is absurd. Therefore, the quadratic form Q(x, y) is positive-definite on N20.
This implies that
a = 2Q(1, 0) ≥ 1
and
c = 2Q(0, 1) ≥ 1.
This completes the proof. 
Lemma 5. If F (x, y) is a quadratic packing polynomial of the form (2), then b ≤ 1.
Proof. Let m ≥ max(2, |d|, |e|). If b ≥ 2, then
F (x, y) =
1
2
(
ax2 + 2bxy + cy2
)
+
1
2
(dx+ ey) + f
≥
1
2
(
x2 + 4xy + y2
)
−
1
2
(|d|x + |e|y)
≥
1
2
(x+ y)2 + xy −
m
2
(x+ y) .
We obtain the following inequalities:
(4) F (x, y) ≥
1
2
(x+ y)(x + y −m) + xy
and, for every positive integer k,
(5) F (x, y) =
1
2
(x+ y)2 +
k − 1
k
xy +
1
2k
(x− km)y +
1
2k
(y − km)x.
There are three cases.
Case 1. If max(x, y) ≥ 25m, then x+ y ≥ 25m. Applying inequality (4), we obtain
F (x, y) ≥
1
2
(x+ y)(x+ y −m) ≥
1
2
(25m)(24m) = 300m2.
Case 2. If min(x, y) ≥ 10m, then x + y ≥ 20m. Applying inequality (5) with
k = 10, we obtain
F (x, y) ≥
1
2
(20m)2 +
9
10
(10m)2 = 290m2.
Case 3. If min(x, y) ≥ m and x + y ≥ 24m, then, applying inequality (5) with
k = 1, we obtain
F (x, y) ≥
1
2
(24m)2 = 288m2.
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It follows that if (x, y) ∈ N20 and F (x, y) < 288m
2, then
max(x, y) < 25m
min(x, y) < 10m
and
min(x, y) < m or x+ y < 24m,
Equivalently, the lattice point (x, y) must belong to exactly one of the following
five sets:
Z1 =
{
(x, y) ∈ N20 : 0 ≤ x < m and 0 ≤ y < 25m
}
Z2 =
{
(x, y) ∈ N20 : m ≤ x < 10m and 0 ≤ y < 24m− x
}
Z3 =
{
(x, y) ∈ N20 : 10 ≤ x < 14m and 0 ≤ y < 10m
}
Z4 =
{
(x, y) ∈ N20 : 14 ≤ x < 23m and 0 ≤ y < 24m− x
}
Z5 =
{
(x, y) ∈ N20 : 23m ≤ x < 25m and 0 ≤ y < m
}
.
For i = 1, . . . , 5, let Ni denote the number of lattice points in the set Zi. We have
N1 = 25m
2
N2 =
333
2
m2 +
9
2
m
N3 = 40m
2
N4 =
99
2
m2 +
9
2
m
N5 = 2m
2.
Therefore, the number of nonnegative integers n < 288m2 represented by the poly-
nomial F (x, y) with (x, y) ∈ N20 is at most
5∑
i=1
Ni = 283m
2 + 9m < 288m2
because m ≥ 2. It follows that F : N20 → N0 is not surjective, which is absurd.
Therefore, b ≤ 1. This completes the proof. 
Lemma 6. If F (x, y) is a quadratic packing polynomial of the form (2), and if
D = b2 − ac
then
8aDF (x, y) = Du2 − v2 + r
where
(6) u = 2ax+ 2by + d
(7) v = 2Dy + bd− ae
and
(8) r = (bd− ae)2 −Dd2 + 8aDf.
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Proof. This is an exercise in “completing the square.” We have
8aDF (x, y)− 8aDf = 4D(a2x2 + 2abxy + acy2 + adx+ aey)
= 4D
(
(ax+ by)2 −Dy2 + adx+ aey
)
= 4D
(
(ax+ by)2 + d(ax + by)−Dy2 − (bd− ae)y
)
= D
(
4(ax+ by)2 + 4d(ax+ by)
)
−
(
4D2y2 + 4D(bd− ae)y
)
= D (2ax+ 2by + d)
2
− (2Dy + bd− ae)
2
+ (bd− ae)
2
−Dd2
= Du2 − v2 + r − 8aDf.
This completes the proof. 
We can now complete Vsemirnov’s proof of the Fueter-Po´lya theorem.
Theorem. Every quadratic packing polynomial is a Cantor polynomial.
Proof. We shall start by proving that D = b2 − ac is a square. Suppose not. Then
D 6= 0. By Lemma 6, if x and y are integers, then there are integers u = u(x, y),
v = v(y), and r such that
8aDF (x, y) = Du2 − v2 + r.
Because 8a 6= 0 and D is not a square, we apply Lemma 2 with ℓ = 8a and obtain a
prime number p such that D is a quadratic non-residue modulo p and (8aD, p) = 1.
There is an integer s such that (s, p) = 1 and
8aDs ≡ r (mod p).
Because F (x, y) is a packing polynomial, there exist infinitely many lattice points
(x, y) ∈ N20 such that F (x, y) ≡ s (mod p) and
Du2 − v2 + r = 8aDF (x, y) ≡ 8aDs ≡ r (mod p).
Therefore,
Du2 ≡ v2 (mod p).
If u 6≡ 0 (mod p), then
D ≡
(
vu−1
)2
(mod p)
which is impossible because D is a quadratic non-residue modulo p. It follows that
u ≡ 0 (mod p), and so v ≡ 0 (mod p) and
Du2 − v2 ≡ 0 (mod p2).
It follows that if (x, y) ∈ N20 and F (x, y) ≡ s (mod p), then
8aDF (x, y) = Du2 − v2 + r ≡ r ≡ 8aDs (mod p2).
Because (8aD, p) = 1, we see that the congruence F (x, y) ≡ s (mod p) implies that
F (x, y) ≡ s (mod p2). This means that there do not exist integers x and y such
that F (x, y) ≡ s+p (mod p2), and so the polynomial F (x, y) is not surjective from
N20 onto N0, which is absurd.
Therefore, D is a square, hence D = t2 for some nonnegative integer t. We have
Q(t− b, a) =
1
2
(
a(t− b)2 + 2b(t− b)a+ ca2
)
=
a
2
(t2 − b2 + ac) = 0.
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Recall that a and c are positive integers. By Lemma 4, the quadratic form Q(x, y)
is positive-definite for (x, y) ∈ N20, and so t − b < 0. By Lemma 5, we have
0 ≤ t < b ≤ 1 and so b = 1. Therefore, 1−ac = b2−ac = t2 ≥ 0 and so 0 < ac ≤ 1.
This implies that a = c = 1, and so
F (x, y) =
(x + y)2
2
+
1
2
(dx+ ey) + f
Moreover, d ≡ a ≡ 1 (mod 2) and e ≡ c ≡ 1 (mod 2), that is, d and e are odd
integers.
If d = e, then F (x, y) = F (y, x) for all (x, y) ∈ N20 and F (x, y) is not one-to-one.
Therefore, d 6= e. If d > e, then d− e = 2g for some positive integer g, and
F (x, y) =
(x + y)(x+ y + e)
2
+ gx+ f.
We have e 6= 0 because e is odd, and
F (0,−e) = F (0, 0) = f.
Because F (x, y) is a sorting function, we conclude that e ≥ 1. Therefore, F (x, y) ≥
f for all (x, y) ∈ N20, and so f = 0.
If e ≥ 3, then for all (x, y) ∈ N20 \ {(0, 0)} we have x + y ≥ 1 and F (x, y) ≥
(1 + e)/2 ≥ 2. This means that F (x, y) 6= 1 for all (x, y) ∈ N20, which is absurd.
Therefore, e = 1 and
F (x, y) =
(x+ y)(x+ y + 1)
2
+ gx
for some positive integer g. We have F (0, 1) = 1, F (1, 0) = 1+g, and F (x, y) ≥ 3 for
all (x, y) ∈ N20 with x+ y ≥ 2. If g ≥ 2, then F (x, y) 6= 2 for all (x, y) ∈ N
2
0, which
is absurd. Therefore, g = 1 and F (x, y) = C1(x, y) is the first Cantor polynomial.
Similarly, if e > d, then F (x, y) = C2(x, y) is the second Cantor polynomial.
This completes the proof. 
3. Packing polynomials in sectors
For every positive real number α we construct the real sector
S(α) = {(x, y) ∈ R2 : 0 ≤ y ≤ αx}
and the integer sector
I(α) = S(α) ∩N20 = {(x, y) ∈ N
2
0 : 0 ≤ y ≤ αx}.
The real sector S(α) is the cone with vertex at (0, 0) generated by the points (1, 0)
and (1, α). A sector is called rational if α is a rational number and irrational if α
is an irrational number. Recent work on Cantor polynomials has concentrated on
packing polynomials in rational sectors.
Theorem 1 (Nathanson [15]). Let r and s be relatively prime positive integers such
that 1 ≤ r < s and r divides s− 1. Let d = (s− 1)/r. The polynomials
Fr/s(x, y) =
r(x − dy)2
2
+
(2 − r)x + (dr − 2d+ 2)y
2
and
Gr/s(x, y) =
r(x − dy)2
2
+
(r + 2)x− (2d+ s+ 1)y
2
.
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are quadratic packing polynomials for the integer sector I(r/s). Moreover, for s ≥ 2,
the polynomials
F1/s(x, y) =
(x− (s− 1)y)2
2
+
x+ (3− s)y
2
and
G1/s(x, y) =
(x − (s− 1)y)2
2
+
3x+ (1− 3s)y
2
are the unique quadratic packing polynomials for the integer sector I(1/s).
Recent work by Stanton [19] and Brandt [1] has determined explicitly the qua-
dratic packing polynomials for all rational sectors.
It is an open problem to understand sorting and packing polynomials on irra-
tional sectors.
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